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Abstract 


We use exceptional field theory as a tool to work out the full non-linear reduction 
ansaetze for the AdSs x compactification of IIB supergravity and its non-compact 
counterparts in which the sphere is replaced by the inhomogeneous hyperboloidal 
space The resulting theories are the maximal 5D super gravities with gauge groups 

SO{p,q). They are consistent truncations in the sense that every solution of 5D super¬ 
gravity lifts to a solution of IIB supergravity. In particular, every stationary point and 
every holographic RG flow of the scalar potentials for the compact and non-compact 5D 
gaugings directly lift to solutions of IIB supergravity. 
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1 Introduction 

It is a notoriously difficult problem to establish the consistency of Kaluza-Klein truncations. 
Consistency requires that any solution of the lower-dimensional theory can be lifted to a so¬ 
lution of the original higher-dimensional theory [T]. While this condition is trivially satished 
for torus compactihcations, the compactihcation on curved manifolds is generically inconsis¬ 
tent except for very specihc geometries and matter content of the theories. Even in the case 
of maximally symmetric spherical geometries, consistency only holds for a few very special 
cases [2] and even then the proof is often surprisingly laborious. An example for a Kaluza-Klein 
truncation for which a complete proof of consistency was out of reach until recently is that 
of type IIB supergravity on AdSs x S®, which is believed to have a consistent truncation to 
the maximal SO (6) gauged supergravity in hve dimensions constructed in [3H5]. In general 
not even the form of the non-linear Kaluza-Klein reduction ansatz for the higher-dimensional 
helds is explicitly known, in which case it is not even known how to perform the Kaluza-Klein 
reduction in principle. If the reduction ansatz is known it remains the task to show that the 
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internal coordinate dependence of the higher-dimensional field equations factors out such that 
these equations consistently reduce to those of the lower-dimensional theory. Despite these 
complications, consistency proofs have been obtained over the years for various special cases. 
The maximal eleven-dimensional supergravity admits consistent Kaluza-Klein truncations on 
AdS 4 X [6] and AdS 7 x [7]. Subsectors of truncations of type IIB to five dimensions have 
been shown to be consistent in [8HT01[T3HT71- More recently, a consistent truncation of massive 
type IIA supergravity on S® has been found [l8] . 

In this paper we will present the explicit and complete reduction formulas for a large class 
of truncations of type IIB supergravity to maximal five-dimensional gauged supergravity, by 
working out the details of the general construction of m- This includes the famous reduction 
on AdSs X S® to the maximal D = 5 SO(6) gauged supergravity of [5], but also reductions to 
non-compact gaugings, corresponding to truncations with non-compact (hyperboloidal) inter¬ 
nal manifolds. Consistency of the latter has first been conjectured in [20] and more recently 
been discussed in |21ll22j . The crucial new ingredient that makes our construction feasible is 
the recently constructed ‘exceptional field theory’ (EFT) [23H26] and its associated extended 
geometry, see [271130] . and [HTHM] for the closely related double field theory. Within this 
framework, the complicated geometric IIB reductions can very conveniently be formulated as 
Scherk-Schwarz reductions on an exceptional space-time. 

In order to illustrate this point, it is useful to compare it with the toy example of an 5^ 
compactification of the D-dimensional Einstein-Maxwell theory, whose volume form provides 
the source for the U(l) field strength. With a particular dilaton coupling, this theory not 
only permits a vacuum solution with S'^ as the compact space but also a consistent Kaluza- 
Klein truncation around this vacuum to a (D — 2)-dimensional theory [2]. The required dilaton 
couplings are precisely those that follow from embedding the original theory as the reduction 
of pure gravity in D -I-1 dimensions. While the consistency of this reduction can be shown by a 
direct computation, a far more elegant proof relies on this geometric origin. As shown in [35], 
from the point of view of (D-l-1) dimensional Einstein gravity, the original 5^ reduction takes the 
form of a Scherk-Schwarz (or DeWitt) reduction on a three-dimensional SO (3) group manifold 
via the Hopf fibration ^ ^ S'^ . For Scherk-Schwarz reductions, however, consistency 

is guaranteed from symmetry arguments [36] . which then implies the consistency of the 5^ 
reduction of the Einstein-Maxwell theory. In this sense, the consistency of the S'^ reduction 
hinges on the fact that the original theory is secretly a ‘geometric’ theory in higher dimensions 
(namely pure Einstein gravity). 

Similarly, in exceptional held theory maximal supergravity is reformulated on an extended 
higher-dimensional space that renders the theory covariant w.r.t. the exceptional U-duality 
groups in the series E^(rf), 2 ^ d ^ 8. In this case, the higher-dimensional theory is not 
simply Einstein gravity, but EFT is subject to a covariant constraint that implies that only 
a subspace of the extended space is physical. Solving the constraint accordingly one obtains 
either type IIB or eleven-dimensional supergravity. Importantly, the gauge symmetries of EFT 
are governed by ‘generalized Lie derivatives’ that unify the usual diffeomorphism and tensor 
gauge transformations of supergravity into generalized diffeomorphisms of the extended space. 
Specihcally, for the Eg(g) EFT that will be employed in this paper the generalized Lie derivative 
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for vector fields , M, N = I,... ,27, m the fundamental representation 27 reads [281137] 

{iLvW)^ = V^dNW^ -W^dNV^ + 10dxLpdNV^W^ , ( 1 . 1 ) 

where d^^^ is a (symmetric) invariant tensor of £ 5 ( 6 ) • Here the first two terms represent the 
standard Lie bracket or derivative on the extended 27-dimensional space, while the new term 
encodes the non-trivial modification of the diffeomorphism algebra. 

It was shown in m how sphere compactifications of the original supergravities and their 
non-compact cousins can be realized in EFT through generalized Scherk-Schwarz compactifi¬ 
cations, which are governed by valued ‘twist’ matrices. In terms of the duality covariant 
fields of EFT the reduction formulas take the form of a simple Scherk-Schwarz ansatz (see 
(12.11) below), proving the consistency of the corresponding Kaluza-Klein truncation. Although 
this settles the issue of consistency it may nevertheless be useful to have the explicit reduc¬ 
tion formulas in terms of the conventional supergravity fields. This requires the dictionary for 
identifying the original supergravity fields in the EFT formulation. In this paper we work out 
the explicit reduction formulas for the complete set of type IIB supergravity fields, using the 
general embedding of type IIB supergravity into the Eg(6) EFT given in [38]. In particular, 
this includes all components of the IIB self-dual four form. Results for the scalar sector in the 
compact case have appeared in [TTl[T2l[39lllO]. The components of the twist matrix give rise 
to various conventional tensors, including for instance the Killing vectors in the case of but 
also various higher Killing-type tensors. We analyze the identities satisfied by these tensors by 
decomposing the Lie derivatives which can be thought of as giving generalized Killing 

equations on the extended space. Various identities that appear miraculous from the point 
of view of standard geometry but are essential for consistency of the Kaluza-Klein ansatz are 
thereby explained in terms of the higher-dimensional Eg(g) covariant geometry of EFT. 

This paper is not completely self-contained in that we assume some familiarity with the 
Eg(g) EFT of [23]. Our recent review [38], which also gives the complete embedding of type IIB, 
can serve as a preparatory article. In particular, we use the same conventions. The rest of this 
paper is organized as follows. In sec. 2 we briefly review the generalized Scherk-Schwarz ansatz 
and the consistency conditions for the Eg(g) EFT and give the twist matrices. The twist matrix 
gives rise to a set of generalized vectors of the extended space satisfying an algebra of generalized 
Lie derivatives (II.1|) akin to the algebra of Killing vector fields on a conventional manifold. In 
sec. 3 we analyze the various components of this equation and give the explicit solutions in terms 
of various Killing-type tensors. In sec. 4 we review the class of D = 5 gauged supergravities 
that will be embedded into type IIB. Finally, in sec. 5 we work out the complete Kaluza- 
Klein ansatz by using the general embedding of type IIB established in [38]. In particular, we 
show how to reconstruct the self-dual 4-form of type IIB from the EFT fields. Along the way, 
we show that the reduction ansatz reduces the ten-dimensional self-duality equations to the 
equations of motion of the D = 5 theory. While this is guaranteed by the general argument, its 
explicit realization requires an impressive interplay of Killing vector/tensor identities and the 
Eg(g)/USp(8) coset space structure of the five-dimensional scalar fields. In sec. 6 we summarize 
the final results, the full set of reduction formulas, and comment on the fermionic sector. Some 
technically involved computations are relegated to an appendix. 
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2 Generalized Scherk-Schwarz reduction 


We begin by giving the generalized Scherk-Schwarz ansatz in terms of the variables of excep¬ 
tional field theory. This ansatz is governed by a group-valued twist matrix U e Eg(g) and a 
scale factor p, both of which depend only on the internal coordinates Y. For the bosonic EFT 
fields, the general reduction ansatz reads m 


Mmn{x, Y) 

9i,u{x,Y) 

A^^{x,Y) 


Bfj,uM{x,Y) 


UmHy) UnHy) Mkl(x) , 

P~‘^iY) g^^(x) , 

p-Hy)ay^x){u-^U^{y) , 
P-\Y)UmHy) B^,n{x) . 


( 2 . 1 ) 


Here, indices M,N label the fundamental representation 27 of Eg(g), and the four lines refer to 
the internal metric, external metric, vector fields and two-forms, respectively, see m for details. 
In order for the ansatz (12.ip to be consistent, U and p need to factor out homogeneously of all 
covariant expressions defining the action and equations of motion. This is the case provided 
the following two consistency equations (‘twist equations’) are satished: 

dN{U~^)^ - p~^dNP = Sp-dx, 

= -pQM^'taN—. ( 2 . 2 ) 

Here the constant tensors are 'dx, which defines the embedding tensor of ‘trombone’ gaugings, 
and which defines the embedding tensor of conventional gaugings. 

For the subsequent analysis it is convenient to reformulate these consistency conditions by 
rescaling the twist matrix by p, 

fj-^ = p-^U-^ . (2.3) 

This rescaling is such that can be viewed as a generalized vector of the same density weight 
as the gauge parameters. Accordingly, one can dehne generalized Lie derivatives w.r.t. this 
vector. The consistency conditions can then be brought into the compact form 

^ -Xmn-Uk\ (2.4) 

where Xmn — are constants related to the D = 5 embedding tensor by 

XmN — = ^0m“ + -'dL(i“)M-^ (ia)7y^^ — • (2.5) 

This implies in particular that the first equation in (j2.2p can be written as 



( 2 . 6 ) 


In |19] . the consistency equations (12.2p were solved for the sphere and hyperboloid com- 
pactifications, with gauge groups SO(p, 6 — p) and CSO(p, g, 6 — p — q), explicitly in terms of 
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SL(6) group-valued twist matrices. Specifically, with the fundamental representation of Eg(g) 
decomposing as 

{yM| ^ (2.7) 


into (15,1) © (6', 2) under SL(6) x SL(2), we single out one of the fundamental SL(6) indices 
a —> (0, i) to define the SL(6) matrix Uj’ as 



C/o° = (1 — u) {1 + uK{u,v)) , 

Uq- = -rnjV^ K{u,v) , 

[7*0 = (1 - u)-i/3 ^ 

= (l-u)^/®y^ 

(2.8) 

with the combinations 

u = y^SijV^ , V = y'-pijy^ . 

(2.9) 

Here r]ij is the metric 

Pij = diag( 1,... , 1,-1,... ,-l) , 

p—1 6—p 

(2.10) 

and we define similarly the SO(p, 6 — p) invariant metric pab with signature (p, 6 — 
in (12.91) we use two different metrics, one Euclidean, the other pseudo-Euclidean. 
K(u,v) is the solution of the differential equation 

p). Note that 
The function 

2(1 - v) {u 

d^K + vduK) = {{7-2p){l-v)-u)K-1 , 

(2.11) 

which can be solved analytically. Eor instance, for p = 6, i.e., for gauge group SO(6) relevant 
for the compactification, the solution reads 

p = 6 : K{u) 

= - tt ^ (u(u — 3)-1-'\/'“(l ^'*^) (3 arcsinv^ + Co) 

) , (2.12) 

with constant cq . We refer to [19] for other explicit forms. The inverse twist matrix is given by 

O 

O 

1 

= (l-c)'^/^ 



1—1 

S? 

II 


(U-i).o 

= VijV^ (1 - , 



= (1 - +pikPjiy^y^ K{u,v)^ . 

(2.13) 

Einally, the density factor p 

is given by 



1 

1—1 

II 

5. 

(2.14) 


Upon embedding the SL(6) twist matrix (12.Sp into Eg(g), one may verify that it satisfies the 
consistency equations (12.21) with an embedding tensor that describes the gauge group SO{p,q), 
where the physical coordinates are embedded into the EET coordinates via (|2.7p according to 

?/* = yP*] . (2.15) 
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With the above form of the generalized Scherk-Schwarz ansatz and the explicit form of the 
twist matrix and the scale factor we have given the complete embedding of the correspond¬ 
ing sphere and hyperboloid compactifications into the Eg(g) EFT. It is instructive, however, to 
clarify this embedding by analyzing it in terms of more conventional geometric objects. There¬ 
fore, in the next section we will analyze the consistency conditions (j2.4l) under the appropriate 
decomposition (that embeds, for instance, the standard algebra of Killing vector fields on a 
sphere) and thereby reconstruct the above solution in a more conventional language. In par¬ 
ticular, this will clarify the geometric significance of the function K, which is related to the 
four-form whose exterior derivative defines the volume form on the five-sphere. 


3 Untangling the twist equations 


3.1 General analysis 


We now return to the ‘twist equations’ (|2.4p and decompose them w.r.t. the subgroup appro¬ 
priate for the type IIB solution of the section constraint, i.e. 


Eg(g) ^ GL(5)xSL(2), 

27 ^ ( 5 , 1 )©( 5 ', 2 )©( 10 , 1 )©( 1 , 2 ) . (3.1) 

Accordingly, the fundamental index on the generalized vector U~^ decomposes as 

M { 5 '^M ma. 5 rank ? } , (3.2) 


in terms of GL(5) indices m,n = 1,...,5 and SL(2) indices a,l3 = 1,2. In order to give 
the decomposition of the twist equations (|2.4I) in terms of these objects we use the definition 
(11.11) of the generalized Lie derivative and the decomposition of the d-symbol (3.28) in |38j . A 
straightforward computation, largely analogous to those in, e.g., sec. 3.3 of [38], then yields 


\r K m 

r m 

(3.3) 

^MN ma 

“ '^N ma ma na) ; 

(3.4) 

^MN -^K kmn 

A/Tkmn kmn ^ ^[k 



+ 3'\/2 S ^ m|Q| n\l3 i 

(3.5) 

^MN 




+ 20'\/2 ^[ni^M_n2nsn4,'^^n^]a) 

. (3.6) 


We will now successively analyze these equations. We split the index as M ^ {A, u}, where 
A, B denote the ‘gauge group directions’ and u, v the remaining ones, and assume that the only 
non-vanishing entries of Xmn— are 

Xab^ = -fAB^ , Xau = {Da)u\ (3.7) 

given in terms of structure constants and representation matrices of the underlying Lie algebra 
of the gauge group, c.f. m- Let us emphasize that Xmn— is not assumed to be antisymmetric. 
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In particular, for this ansatz we have, e.g., = 0- Let us also stress that this ansatz is not 

the most general, but it is sufficient for the purposes in this paper. 

The first equation (j3.f!|) . specialized to external indices (^4, B), implies that the vector fields 
JCa satisfy the Lie bracket algebra 

{V' v' _ r v" £ C m fo q\ 

[^A,A-bJ = ^K-a^B = JAB f^C • 

In view of standard Kaluza-Klein compactifications it is natural to interpret these vector fields 
as the Killing vectors of some internal geometry. We now define a metric w.r.t. which the ICa 
are indeed Killing vectors by setting for the inverse metric 

^ j^a^j^b^^ab ^ (3.9) 

with the Cartan-Killing metric tjab = Iac^/bd^- The internal metric Gmn exists provided 
the Cartan-Killing metric is invertible and that there are sufficiently many vector fields to 
make G*™” invertible. This assumption, which we will make throughout the following discussion, 
is satisfied in the examples below. Since by (13.8p the K-a transform under themselves according 
to the adjoint group action, under which the Cartan-Killing metric is invariant, it follows that 
the vectors are indeed Killing: 

^KA^mn = '^m^An + n^Am = 0 , (3.10) 

where here and in the following Vm denotes the covariant derivative w.r.t. the metric (13.91) . 
which is used to raise and lower indices. The other non-trivial components of (13.31) . with external 
indices {A,u), {u,A) and (u,v), imply that the remaining vector fields satisfy 

Cka^u^ = -{Da)u^K:v^ = 0, = [iCu^^vT = 0- (3-11) 

For non-vanishing fC^ the first equation can only be satisfied if the representation encoded by 
the {Da)u^ includes the trivial (singlet) representation. In the following we will analyze the 
remaining equations under the assumption that the representation does not contain a trivial 
part, which then requires 

= 0. (3.12) 

We next consider the second equation (|3.4I) . specialized to external indices (^4, u) and (u. A) 
to obtain 


{Da)u T^vma {ICa^ T^una) ■ 

Writing out the Lie derivative on the left-hand side we obtain in particular 

{^mT^una ma) “ 0 • 


(3.13) 


(3.14) 


With the above assumption that the metric (13.9p is invertible it follows that the curl of TZ is 
zero. Hence we can write it in terms of a gradient, 


TZn 


= dryfifin 


(3.15) 
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As we still have to solve the first equation of (I3.13p . we must demand that the function y 
transforms under the Killing vectors in the representation Da, 


^K-Ay^a = —{DA)u^yva, 


(3.16) 


for then (j3.13l) follows with the covariant relation (j3.15l) . Finally, specializing (13.41) to external 
indices we obtain 


ma ma C-Kb'^A ma ^m {JCb^TIa na) • 


(3.17) 


This equation is solved by TZAma = 0, and the latter indeed holds for the SL(6) valued twist 
matrix to be discussed below. In addition, we will find that for these twist matrices also the 
components Zu and Sa are zero, and therefore in the following we analyze the equations for 
this special case, 

TZAma ~ Z^jYink ~ ‘SAni...n 5 a ~ b • (3.18) 

Let US now turn to the third equation (j3.5p . which will constrain the Z tensor. Specializing 
to external indices {A,B), we obtain 


Iab^ kmn kmn ^Ks^^kmu ^\k (JZb ^Amn]l) 


(3.19) 


where we used (j3.18p . Writing out the second Lie derivative on the right-hand side, this can be 
reorganized as 


TT-Ka^B kmn - 4 ICb^ S^pZAkmn] = f Ab'^ Zc 


kmn 


(3.20) 


In order to solve this equation we make the following ansatz 


Za klm — ^ TZa klm 2V2]CA^Cpki m 1 


(3.21) 


in terms of a four-form C, where we chose the normalization for later convenience, and we 
defined the Killing tensor 

fZ^Aklm = ’^ZbklmpqTZ.A^^ , TZAmn = , (3.22) 

with the volume form ujkimpq = Ekimpq- We recall that all internal indices are raised and 

lowered with Gmn defined in (j3.9p . 

It remains to determine Cpkim from the above system of equations. In order to simplify 
the result of inserting (j3.21l) into (|3.2Up we can use that the Killing tensor term transforms 
‘covariantly’ under the Lie derivative. 


TZka^b 


mnk 


= fAB^JZc 


mnk 


(3.23) 


which follows from the corresponding property (13.81) of the Killing vectors. For the second term 
on the left-hand side of (|3.20p . however, we have to compute, 


TZb^^[ pTZ^A kmn] 


-TjCB^COkmnplVgV^^lCA'^^ = ^ JCb^ COkmnplV 


(3.24) 


8 
















Here we used the D = 5 Schouten identity <^[iqkmnyp] = 0 that the Killing tensor written 
as ICa mn = “^ '^m^A n IS automatically antisymmetric as a consequence of the Killing equations 
(j3.10p . Using the latter fact again, the last expression simplifies as follows 

V.V'^/CV = -VqV^JCA^ = -[v„v']/Ca'' = -n^piCAp. (3.25) 


We will see momentarily that (I3.20p can be solved analytically by the above ansatz (13.211) if 
the metric G is Einstein. We thus assume this to be the case, so that the Ricci tensor reads 
T^mn = ^Gmn, for some constant A. Using this in (I3.25P and inserting back into (|3.24p we 
obtain 

I^B^^[p)(^Akmn] = -j^^kmnplK-A^I^B^ ■ (3.26) 

Next, insertion of the second term in ()3.2ip into (I3.20p yields the contribution 


C-Ka{^B^ Cpkmn)+^K.B^ Ckmn\(^ = fAB^ Cpkmn + ^ K,A^ ^B^ S[pC qkmn] ■ (3.27) 


Here we used (13.81) and combined the terms from Cjc^Cpkmn with those from the second term 
on the left-hand side. Employing now ()3.26p and ()3.27p we find that insertion of ()3.2ip into 
(I3.20p yields 


0 ^A^^B^ ^IpCqkmn] ^^^pqkmn) ■ 

Thus, we have determined C, up to closed terms, to be 


(3.28) 


5 d^pCqkmn] ^ ^ ^kmnpq 


(3.29) 


which can be integrated to solve for Ckimm since in five coordinates the integrability condition 
is trivially satisfied. In total we have proved that the {A,B) component of the third equation 
(13.51) of the system is solved by (I3.2ip . We also note that the remaining components of (13.51) are 
identically satisfied under the assumption (I3.18p . (Eor the {u,v) component this requires using 
that the exterior derivative of TZuma vanishes by (13.151) . 1 For the subsequent analysis it will be 
important to determine how C transforms under the Killing vectors. To this end we recall that 
in the definition (I3.2ip C is the only ‘non-covariant’ contribution, which therefore accounts for 
the second term on the left-hand side of the dehning equation (l3.2Up . From this we read off 


^KA^mnkl — ^[m^Ankl] 


(3.30) 


Finally, we turn to the last equation (j3.6|) . which determines Su- Under the assumptions 
(j3.12p . (j3.18p . the (u,u) and {u,A) components trivialize, while the [A,u) component implies 


^K-A^uni. 


■n^a 


= -{Da)u^S., 


V ni...n^a 


+ ‘l^\PidYn^ZA n2nsn4 ^|u|n5]a • (3.31) 


We will now show that this equation is solved by 


Tna - 20 Sn^]y'U 


(3.32) 


in terms of the volume form of Gmn, the function defined in ()3.15l) and the four-form defined 
via (I3.29|) . Here, a is an arbitrary coefficient, while we set the second coefficient to the value 
that is implied by the following analysis. We first note that C]CA^ni...n 5 = 0, which follows 


9 










































from the invariance under the Killing vectors of the metric G defining uj. Second, we recall 
(j3.16l) . which states that the function transforms ‘covariantly’ under (i.e., w.r.t. the 
representation matrices Da). Thus, all terms in (|3.32p transform covariantly, except for the 
four-form (7, whose ‘anomalous’ transformation must therefore account for the second term in 
on the right-hand side of (I3.3ip . Using the anomalous transformations of C given in 
(I3.30p . it then follows that (|3.32l) solves (|3.31l) for arbitrary coefficient a. This concludes our 
general discussion of the system of equations (I3.3p - (l3.6p . 


3.2 Explicit tensors 


We now return to the explicit twist matrices and read off the tensors whose general structure 
we discussed in the previous subsection. To this end we have to split the Eg(6) indices further 
in order to make contact with the twist matrices given in (12.81) . (I2.13p . As it turns out, for 
these twist matrices the split of indices Vm = (U 4 , 14 ) discussed before (j3.7l) . coincides with 
the split 27 = 15 -t 12 of ([221) 


Vm = {Va,Vu) = , a,6 = 0,...,5, a,/3 = 1,2. (3.33) 

In several explicit formulas we will have to split [a6] further, 

[ab] = ([Oi], [ij]) , i, j = 1 ..., 5 . (3.34) 

Similarly, we perform the same index split for the fundamental index M under Eg(g) —> SL(6) 
(and then further to GL(5) x SL(2) according to (I3.ip l. thus giving up in the following the 
distinction between bare and underlined indices. Let us note that we employ the convention 


yOi 




(3.35) 


in agreement with the summation conventions of ref. [2Tj- In order to read off the various 
tensors from the twist matrices let us first canonically embed the SL(6) matrix Uj’ into Eg(gp 
Under the above index split we have 


Um^ 


/ U[ab] 

[cd] 

U[abr \ 


/ U[a^^b/ 0 \ 

1 jjaa) 

[cd] 

TJCLCy-, 1 

u ’bf} ) 


V 0 5“/3(u-i)fe“y 


(3.36) 


With this embedding, and recalling the convention (I3.35p . we can identify the Killing vector 
fields with components of the twist matrices as follows, 

= V2{U-^)ar\ (3.37) 

which yields 

K[ 0 irw - - 5 C, %]■”(!/)- V 2 if” Ujjt!/*. (3.38) 

It is straightforward to verify that these vectors satisfy the Lie bracket algebra (13.81) . Specifically, 

, fab ,cd^ = ; (3.39) 
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with the SO(p, 6 — p) metric rjab- The Killing tensors defined in (I3.22p are then found to be 


^[Oi]mnk 
^[ij] mnk 


Emnkij ; 

-a/2(1 - v)~^ £mnkpq{Si^ - 2 ) . 


(3.40) 


We can now define the metric G as in (13.9p w.r.t. which these vectors are Killing, using the 
Cartan-Killing form This yields for the metric and its inverse 


Gmn ^mn T (1 u) 'kJmpPnqy^i 

Qmn ^ 


(3.41) 


One may verify that this metric describes the homogeneous space SO(p, g')/SO(p — 1, q) with 

T^mn — ^Gmn t (3.42) 

determining the constant above, A = 4. The associated volume form is given by 

^mnklp (1 ^) ^ ^mnklp • (3.43) 


Next we give the function defining TZ in p3.15p w.r.t. the above index split, 

numa = , (3.44) 

for which we read off from the twist matrix 

with y^{y) = I “ = 0 . (3.45) 

( y a = i 

In agreement with (|3.16l) this transforms in the fundamental representation of the algebra of 
Killing vector fields (I3.38p . Specifically, 

CK,^„y^ = IC^ab^dray^ = V2 5% Tfc] , (3.46) 

where Ta is obtained from by means of r]ab- Let us also emphasize that the Ta can be viewed 
as ‘fundamental harmonics’, satisfying 


ny^ = -5T“, (3.47) 

in that all higher harmonics can then be constructed from them. For instance, the Killing 
vectors themselves can be written as 


= V 2 ( 5 mT[a) Tb] • 


(3.48) 


Next we compute the four-form Cmnki by integrating (13.291) . An explicit solution can be 
written in terms of the function K from (|2.11l) as 

Cmnki = ^ (1 “ u)"L2 emnklq {K6'^^T]rs + (5^)y* , (3.49) 
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whose exterior derivative is indeed proportional to the volume form ()3.43p for the metric Gmn- 
Together with the Killing vectors and tensors defined above, the Z tensor is now uniquely 
determined according to ()3.21l) . Moreover, it is related to the twist matrix according to 

Z[ab\mnk = ^ emnfcpq = ]^emnkpq P~^ {U~\f , (3.50) 

which agrees with (I3.2ip for A = 4. 

Finally, let us turn to the tensor Su whose general form is given in ()3.32p . Under the above 
index split it is convenient to write this tensor as 


<? _ caa _ ca ra 

77-5/3 — ^ ni...725/3 — ^ ^72l...725 ^ /3 ? 

which is read off from the twist matrix as 

‘5“"ni...n5/3 = eni...n5(^“^)“"o/3 = eni...n 5 <5“/; C/o“ 

leading with (12.81) to 


5 “ = 


(1 — u) ^ (1 + uK) a = 0 
—rjijy^ (1 — K a = i 


One may verify that this agrees with (I3.32p for 

a = 1 , A = 4 . 


(3.51) 


(3.52) 


(3.53) 


(3.54) 


3.3 Useful identities 

In this final paragraph we collect various identities satisfied by the above Killing-type tensors. 
These will be useful in the following sections when explicitly verifying the consistency of the 
Kaluza-Klein truncations. We hnd 


r[“^ r. .T 
mn'^\cd\ 

= - V2 + 2 

, (3.55) 

V'lab] n 

^ nl^[cd] 


(3.56) 

^\ab\ ^[cd] kmn ^\cd\ ^\ab\ kmn 

- _1 p , , , rh/] 

g ^ abode j mn ? 

(3.57) 

y'lab] y' 'my' n 

mnl^[cd] ^[e/] 

= 4V25[,[“Td]T[e<5/]'^ 

(3.58) 

y' Tny' ny' 1 ^ y'lab] 

^[cd] ^[ab] ^[ef] mn 

= -8 Ve[c yd]yf + 8 r//[c Td]Te , 

(3.59) 


which can be verified using the explicit tensors determined above. 
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4 The D = b supergravity 


The D = 5 gauged theory with gauge group SO{p, q) was originally constructed in [3H5]. For our 
purpose, the most convenient description is its covariant form found in the context of general 
gaugings [JT] to which we refer for detailsl^] In the covariant formulation, the D = 5 gauged 
theory features 27 propagating vector fields and up to 27 topological tensor fields m- 
The choice of gauge group and the precise number of tensor fields involved is specified by the 
choice of an embedding tensor in the 351 representation of Eg(g). E.g. the full 

non-abelian vector field strengths are given by 

+ , (4.2) 

with the tensor Xkl^ carrying the gauge group structure constants and defined in terms of 
the embedding tensor Z^^ as 

Xmn^ = dMNqZ^^ + 10 dMQsdNRTd^^^Z^^ . (4.3) 


The SO{p,q) gaugings preserve the global SL(2) subgroup of the symmetry group Eg(g) of 
the ungauged theory, more specifically the centralizer of its subgroup SL(6) . Accordingly, the 
vector fields in the 27 of Eg(g) can be split as 


A^^ , a,6 = 0,...,5, a = l,2, (4.4) 

into 15 SL(2) singlets and 6 SL(2) doublets, c.f. (I3.33p . The 27 two-forms split accord¬ 
ingly, with only the 6 SL(2) doublets entering the supergravity Lagrangian. In the basis 

(14.41) . the only non-vanishing components of the embedding tensor Z^^ are 


Zaa,bf} — 2 ^ciPVab 


(4.5) 


where the normalization has been chosen such as to match the later expressions. With (j4.3p . 
we thus obtairj§ 


Xmn 


K 


Xab,cd^^ = fab,cd^^ 
Xab^^dp = -d[a‘^Vb\dd^p 


(4.7) 


with the SO(p, 0 — p) structure constants fab,cd!^^ from (I3.39p . 


The form of the field strength (j4.2p is the generic structure of a covariant field strength in 
gauged supergravity, with non-abelian Yang-Mills part and a Stiickelberg type coupling to the 

^ To be precise, and to facilitate the embedding of this theory into EFT, we choose the normalization of |24| 
for vector and tensor fields which differs from |41| as 


A, 


M [1312.0614] 


1 - M 

[hep~th/0412173] i 


Bp. 


M[1312.0614] 



M[hep-th/0412173] i 


(4.1) 


together with a rescaling of the associated symmetry parameters. Moreover, we have set the coupling constant 
of HI] to 3 = 1. 

^ The totally symmetric cubic d-symbol of E6{6) in the SL(6) x SL(2) basis (14.411 is given by 


^MNK 


d ab 

ca,dp — 


1 

7! 


cab 

Ocd £q 


d 


'ab,cd,ef 


_abcdef 


V80 


(4.6) 
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two-forms. In the present case, we can make use of the tensor gauge symmetry which acts by 
shift 6A^aa = on the vector fields, to eliminate all components A^aa from the Lagrangian 
and field equations. This is the gauge we are going to impose in the following, which brings 
the theory in the form of [5]I^ As a result, the covariant object (14.2p splits into components 
carrying the SO(p, g) Yang-Mills held strength, and the two-forms respectively, 


F, 


M 


p ab — 

■L I 


fll/ 




F,. 


^ 2 A,] + V2 fcd,ef^ A^^A,^f 

= yiO EaBVah 


(4.9) 


In particular, hxing of the tensor gauge symmetry implies that the two-forms turn into 

topologically massive helds, preserving the correct counting of degrees of freedom, [42]. The 
Lagrangian and held equations are still conveniently expressed in terms of the combined object 


F, 


M 




E.g. the hrst order duality equation between vector and tensor helds is given by 




2VTo^' 


■flUp( 7 T 




N - 


(4.10) 


which upon expanding around the scalar origin and with (|4.9j) yields the hrst order topologically 
massive held equation for the two-form tensors. The full bosonic Lagrangian reads 


+ 6' 


fii^par 


Vab ^ ^^abcdef SyAp'^ d^Ar""^ 


+ e^'^^'^'^eabcdef fgh. 

— Visf V{Mmn) ■ 


ab A cd 


A ca A gh A OY P A e/ , 1 f ef a Ha mn\ 
,ij ^p -^cr j 


(4.11) 


Here, the 42 scalar helds parameterize the coset space E6(6)/USp(8) via the symmetric Eg(6) 
matrix Mmn which can be decomposed in the basis (|4.4I) as 


Mmn = 


Mab,cd Flab^'^ 


With, the SO(p, h — p) covariant derivatives dehned according to 

DpX- = +V2AYSm^", 


(4.12) 


(4.13) 


and similarly on the different blocks of (j4.12p . The scalar potential V in (j4.1ip is given by the 
following contraction of the generalized structure constants (|4.7p with the scalar matrix (14.1211 


V{Mmn) = Xmp^ {h Xmq^ + Xmr^ M^^Mqs) ■ 


® To be precise: this holds with a rescaling of p-forms according to 

A^“^[1312.0614] = —V2h^“*'GRW , Vh B^,/““[1312.0614] = 

and with their coupling constant set to pgrw = 2. 


(4.14) 


(4.8) 
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For later use, let us explicitly state the vector field equations obtained from ()4.11l) which 
take the form 

0 = ^ {vc[a + V2Dx (^F^^^MN,ab) ) 

+ 2 ^abcdef Fpaf^ + 60 e^/? TlacVbd • (4-15) 

We will also need part of the scalar field equations that are obtained by varying in (|4.1ip the 
scalar matrix (j4.12p with an SL( 6 ) generator Xa^ 

0 = 1 Df^iM^'^^DpMKbd) -^MbcN + ^VWrjbcSa/^ 

+ (^2M--F + ± ^ VbcVef 

_ ^ VefVbc - [trace] 6 “ . (4.16) 

5 The IIB reduction ansatz 

In terms of the Eg(g) EFT helds, the reduction ansatz is given by the simple factorization (|2.ip 
with the twist matrix U given by p2.13l) . In order to translate this into the original IIB theory, 
we may first decompose the EFT fields under (13.IF according to the IIB solution of the section 
constraint, and collect the expressions for the various components. We do this separately for 
EFT vectors, two-forms, metric, and scalars, and subsequently derive the expressions for three- 
and four-forms from the IIB self-duality equations, as outlined in the general case in [38]. In a 
second step, we can then recombine the various EFT components into the original IIB fields, 
upon applying the explicit dictionary [24[[38] from IIB into EFT. 

In particular, the explicit expression for the full IIB metric allows one to determine the 
background metric, i.e. the IIB metric at the point where all F = 5 scalar fields are set to 
zero. This metric may or may not extend to a solution of the IIB field equations, depending 
on whether the scalar potential of the D = 5 theory has a stationary point at its origin. It is 
known |5| that this is the case for the D = 5 theories with gauge group SO( 6 ) and SO(3,3), 
with AdS and dS vacuum, respectively. Accordingly, the internal manifolds and extend 
to solutions of the full IIB field equations, with the external geometry given by AdSg or dSg, 
respectively. 

5.1 IIB supergravity 

Let us briefly review our conventions for the F = 10 IIB supergravity [431145] . The IIB field 
equations can be most compactly obtained from the pseudo-action 

S = J ^/\G\ (^R -h 

_Lp- - - - - pAiA2A3A4A5'\ 

20 M1M2/43M4/45-‘ J 

_ — [d^^TF « fAi-Aio/ 7 . , . . F . . oF . . A (' 51 ') 

864 ) ^ '-^M1/42M3/44'' MSW/ilO • 
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Here, £) = 10 coordinates are denoted by and the action carries the field strengths 


fiup 




FfLl...fl5 — ^ ^[AiA2 '^A3A4A5]^ ’ 

of two- and four-form gauge potential. After variation, the field equations derived from (|5.ip 
have to be supplemented with the standard self-duality equations for the 5-form field strength 


(5.2) 


Ffiupaf — £■ 


p,vpcTTp.lP2^^3^^A^^5 




(5.3) 


Finally, the symmetric SL(2) matrix ruap parametrizes the coset space SL(2)/SO(2) and carries 
dilaton and axion. In the notation of [H] it is parametrized by a complex scalar B as 


= {1-BB*) 


( {1 - B){1 - B*) i{B-B*) 


(5.4) 


i{B-B*) {1 + B){1 + B*) J 

As a first step for the reduction ansatz, we perform the 5-1-5 Kaluza-Klein decomposition of 
coordinates {x^} = and fields, starting from the ten-dimensional vielbein 

' (det(/))-V3e^^ 


= 


0 


(5.5) 


but keeping the dependence on all 10 coordinates. Decomposition of the p-forms in standard 
Kaluza-Klein manner then involves the projector = E^-Ea’^ together with a further redef¬ 
inition of fields due to the Chern-Simons contribution in ()5.2[) . see [38] for details. This leads 
to the components 


C a 
1 


mn — '^mn i 


C OL 

rt 


C a 
/j. m 

^ Q 

Crnnkl 
nkl 
Cfxu kl 




fim 


A PC! ^ 

^pm 5 


c 


fii/p m 


Crnnkl ; 

C^nkl A^Cpnkl ^p\n ^ki]^ i 

Cpukl - -I- Ay^^Cpqkl - I £ap Cfj.u'^Ckl^ , 

Cnunm “ 3A[^PC'|p|t,p] ^ + 3A[^P Ai,^C|pg|p] ^ - A,P AJAJCn 


^piAp m 

3. 


-^p '^pqrm 


c, 


pupa 


_ d - ^ OL^ p 

g^a/3 ^[pu ^p]m 1 

Cfj,upa - -A 6AlPAPClpqlp^^ - 4:AlpPAPAp^Clpqr\c 


_i_4 PA 1A ^ A 

' -^p ^u -^p -^a ^pqrs • 

in terms of which the reduction ansatz is most naturally given in the following. 


(5.6) 


5.2 Vector and two-form fields 


Breaking the 27 EFT vector fields according to (|3.ip into 

moL’) A^ kmn’i Afj, 

Ct} 5 


(5.7) 
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we read off the reduction ansatz from (j2.ip . (j3.2p . which in particular gives rise to 

A;^{x,y) = 

Afj,kmn{x,y) = ^[ab]kmn{y) {x) . (5-8) 

The Kaluza-Klein vector held thus reduces in the standard way with the 15 

Killing vectors K-[ab\^i.v) whose algebra dehnes the gauge group of the D = 5 theory. Note, 
however, that these extend to Killing vectors of the internal space-time metric only in case of 
the compact gauge group SO(6). In the general case, as discussed above, the K,[ab]^{y) ai'e the 
Killing vector helds of an auxiliary homogeneous Lorentzian metric (|3.9p , compare also |20H22j . 
The vector held components A^kmn are expressed in terms of the same 15 H = 5 vector helds. 
Their internal coordinate dependence is not exclusively carried by Killing vectors and tensors, 
but exhibits via the tensor an inhomogeneous term carrying the four-form Cmnki 

according to (|3.21I) FI This is similar to reduction formulas for the dual vector helds in the S'^ 
reduction of H = 11 supergravity |46] . which, however, in the present case already show up 
among the fundamental vectors. 

For the remaining vector held components, the ansatz ()2.ip . (13.21) . at hrst yields the reduc¬ 
tion formulas 

Afj,ma{X}y) ~ ^ma{y) A^ap(^x') = (y)^^aa(^) i 

A^a{x,y) = 5“(y)A^a„(x) (5.9) 

= _ l^>^^-^-PCklmndpy^iy)^ A^aa{x) , 

in terms of the 12 vector helds Afj_aa A D = 5 and the tensors dehned in p3.32l) and (|3.44p . 
However, as discussed in the previous section, for the SO(p, q) gauged theories, a natural gauge 
hxing of the two-form tensor gauge transformations allows to eliminate these vector helds in 
exchange for giving topological mass to the two-forms. As a result, the hnal reduction ansatz 
reduces to 


Afj_ moL 0 A^ a ■ 


(5.10) 


For the two-forms, upon breaking them into GL(5) components 


mn,Bi 


mOL to ■) 

fiL^ 5 


(5.11) 


similar reasoning via m and evaluation of the twist matrix p ^ Um— gives the following 
ansatz for the SL(2) doublets 


Bi,v°‘{x,y) = ya{y)B^y°-°'{x) , 

B,,^<^{x,y) = Za^{y)B,,-^{x), (5.12) 

^ This seems to differ from the ansatz derived in |40] . The precise comparison should take into account that 
the Afj,, are non-gauge-invariant vector potentials. In the present discussion, the inhomogeneous term in 
Z[ab] kmniy) playsd 8- crucial role in the verification of the proper algebraic relations. 
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in terms of the 12 topologically massive two-form fields of the D = 5 theory. Here, Za^{y) is 
the vector density, given b}0 

+ (5.13) 

in terms of the Lorentzian metric Gmn, vector field ya, and four-form Ckimn- As is obvious 
from their index structure, the fields contribute to the dual six-form doublet of the IIB 

theory, but not to the original IIB fields. Accordingly, for matching the EFT Lagrangian to the 
IIB dynamics, these fields are integrated out from the theory [241138] . For the IIB embedding 
of H = 5 super gravity, we will thus only need the first line of (I5.12p . 

For the remaining two-form fields, the reduction ansatz (j2.1|) yields the explicit expressions 

Bf,umn{x,y) = , (5.14) 

with the Killing tensor IC^°‘^^rnn = 2 and the tensor density given by 

,5.15, 

Here, the 15 H = 5 two-forms B^^ab are in fact absent in the SO{p,q) supergravities, described 
in the previous section. In principle, they may be introduced on-shell, employing the formulation 
of these theories given in miiiz], however, subject to an additional (three-form tensor) gauge 
freedom, which subsequently allows one to set them to zero. Hence, in the following we adopt 
Bfiuab{x) = 0, such that ()5.14l) reduces to 


m 0 B^i/ mn ■ 


(5.16) 


Within EFT, consistency of this choice with the reduction ansatz (I5.14p can be understood by 
the fact that the fields (related to the IIB dual graviton) do not even enter the EFT 

Lagrangian, while the helds B^ymn enter subject to gauge freedom 


^Bfiymn piu i (^-17) 

(descending from tensor gauge transformations of the IIB four-form potential), which allows us 
to explicitly gauge the reduction ansatz (|5.14p to zero. 

Combining the reduction formulas for the EFT fields with the explicit dictionary given 
in sec. 5.2 of [38], we can use the results of this section to give the explicit expressions for 
the different components (|5.6I) of the type IIB form fields. This gives the following reduction 
formulae 


C^y^{x,y) = v/lOTa(y) V“(x) , 


C^,m'^{x,y) 

C fiymni^X, y') 


CpikmniXt y) 


0 , 

^ f^[ab\\y)Z[,d^ kmniy) A^^‘^\x)Ayf<^{x) , 

\f2 

^[o-b]kmn{y) Af,^^{x) , 


(5.18) 


(5.19) 
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for two- and four form gauge potential in the basis after standard Kaluza-Klein decomposition. 
In the next subsection, we collect the expressions for the scalar components Cmn“ and Ckimn, 
and in subsection 15.51 we derive the reduction formulas for the last missing components C^i,pm, 
and Cpupa of the four-form. 

Let us finally note that with the reduction formulas given in this section, also the non-abelian 
EFT field strengths of the vector fields factorize canonically, as can be explicitly verihed with 
the identities given in (13.81) . (j3.19l) . Explicitly, we find 


T7 m 


= 2 - Ap^dnAr + A.^dnAp^ 

= lC^abriy)Fp,<^\x), 

kmn = 2 kmn 2 kmn ^ '^v\ ran\l ^ ^\k'^v\ ran\l 

~ ^[ab\kmn{y) i^) ) (5.20) 

in terms of the non-abelian SO{p,q) field strength from (14.91) . 


5.3 EFT scalar fields and metric 


Similar to the discussion of the form fields, the reduction of the EFT scalars can be read off 
from (j2.ip upon proper parametrization of the matrix M.mn- We recall from p4|l38] that M.mn 
is a real symmetric Eg(g) matrix parametrized by the 42 scalar helds 


{Gmn^Cmn / 3 } , (5.21) 

where Cmn^ = C'[mn]'^! and Ckimn = are fully antisymmetric in their internal indices, 

Gmn = G'(mn) is the Symmetric 5x5 matrix, representing the internal part of the IIB metric, 
and is the unimodular symmetric 2x2 matrix parametrizing the coset space 

SL(2)/SO(2) carrying the IIB dilaton and axion. Decomposing the matrix A4mn into blocks 
according to the basis (15.71) 


Mkm 





Mk^ 

\ 

XAka 

m 

J^ka,ml3 

\Aka 

mn 

J^ka,0 



Mki^^ 


Mkl^ 


\ M^m 

J^a,my 

M^mn 


/ 


(5.22) 


the scalar fields (j5.21D can be read off from the various components of Mmn and its inverse 
j^MN ^ .yy-g pgfgp j2gj for the explicit formulas and collect the final result 


G^^ = (detG)^/3_yy^”^,n ^ (5 23 ) 

= (det G)2/3A4“’^ , 

Gmn" = V2e^^{detGf^mp^AFmn = -e^^{deiGf/^GnkMra0\ 

Gklmn = lidetGf/^eklmnprria^M^^’P^ = -^{detG)^^hklmnpG,rMP'J’^ , 

o ib 


19 









where G™” and denote the inverse matrices of Gmn and from ()5.2ip . The last two lines 
represent examples how the Cmn^ and Ckimn can be obtained in different but equivalent ways 
either from components oi Mm N or M^^. This of course does not come as a surprise but is a 
simple consequence of the fact that the 27 x 27 matrix Mmn representing the 42-dimensional 
coset space Ee(g)/USp(8) is subject to a large number of non-linear identities. 

With (|5.23l) . the reduction formulas for the EFT scalars are immediately derived from (12.11) . 
For the IIB metric and dilaton/axion, this gives rise to the expressions 

y) Ta(y)3^6(l/) , (5.24) 

with the function A(x,y) defined by 

A{x,y) = p^{y){detG)^/^ = {1 - {det G)^/\ (5.25) 

and the 42 hve-dimensional scalar helds parameterizing the symmetric Eg(g) matrix Mmn de¬ 
composed into an SL(6) x SL(2) basis as ()4.12p . 

Similarly, the reduction formula for the internal components of the two-form Gmn^ is read 
off as 

Cmn°‘{x,y) = -e"^A^/^(x,y)Gnfc(®,y)5m3^''(i/)/C[a6]^(y)M“%(x) 

= -^e'^^A'^^^{x,y)mi3y{x,y)yciy)Ki°'’'^rnniy)Mab'''^{x), (5.26) 

featuring the inverse matrices of (I5.24p . with the two alternative expressions corresponding to 
using the different equivalent expressions in (I5.23p . To explicitly show the second equality in 
(I5.26P requires rather non-trivial quadratic identities among the components (14.121) of an Eg(g) 
matrix, together with non-trivial identities among the Killing vectors and tensors. In contrast, 
this identity simply follows on general grounds from the equivalence of the two expressions in 
(j5.23p . i.e., it follows from the group property of Mmn and the twist matrix Um—- Let us 
also stress, that throughout all indices on the Killing vectors IC^ab]^ and tensors are raised and 
lowered with the Lorentzian x-independent metric Gmn{y) from (13.9p . not with the space-time 
metric Gmn{x,y). 

Eventually, the same reasoning gives the reduction formula for Gmnki 

Gkimn{x,y) = ^£kimnp^^^^{x,y)mai3{x,y)ya{y) 2:bP{y) , (5.27) 

o 

with Zb^{y) from (|5.13p . Explicitly, this takes the form 

Gkimnix, y) = ^ ^kimnp A‘^^^{x, y) m„y3(x, y) G^^^iy) dq (^A"^/^(x, y) m^'^ix, y)j 

+ Ckimniy) ■ (5.28) 

On the other hand, using the last identity in (j5.23p to express Gkimn, the reduction formula is 
read off as 

Gkimnix, y) = ^ A^/3(x, y) Z[ab] [klmiy)Gn]rix, y) iy) M'^’^’^ix) 

= Cmnkliy) - ^ A2/3(x, y) ICiabfiy) JCicd] [kimiy) Gn]pix, y) M°-^'^^ix) (5.29) 
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where we have used the explicit expression (I3.2ip for Z^ab] kim- Again, the equivalence between 
(I5.28P and (I5.29P is far from obvious, but a consequence of the group property of Mmn and 
the twist matrix Um—- For the case of the sphere S^, several of these reduction formulas have 
appeared in the literature [IIHiaiMlllQ]. Here we hnd that they naturally generalize to the 
case of hyperboloids, inducing the D = 5 non-compact SO(p, q) gaugings. 

Let us finally spell out the reduction ansatz for the five-dimensional metric which follows 
directly from (j 2 .ip as 

9biu{x,Y) = p~‘^{y)g^y{x) . (5.30) 

Putting this together with the parametrization of the IIB metric in terms of the EFT fields, 
and the reduction (|5.8p of the Kaluza-Klein vector held, we arrive at the full expression for the 
IIB metric 

ds^ = dx^dx'^ 

+ Gmn{x,y) [dy^ + IC[abr{y)A-^{x)dx^) [dy^ + , (5.31) 

in standard Kaluza-Klein form |48] . with Gmn given by the inverse of (|5.24p . 

5.4 Background geometry 

It is instructive to evaluate the above formulas at the particular point where all = 5 helds 
vanish, i.e. in particular the scalar matrix Mmn reduces to the identity matrix 

Mmn{x) = Smn ■ (5.32) 

This determines the background geometry around which the generalized Scherk-Schwarz re¬ 
duction ansatz captures the huctuations. Depending on whether or not the scalar potential of 
D = 5 gauged supergravity has a stationary point at the origin — which is the case for the 
SO( 6 ) and SO(3, 3) gaugings [5] — this background geometry will correspond to a solution of 
the IIB held equations. 

With (I5.32P and the vanishing of the Kaluza-Klein vector helds, the IIB metric (j5.3ip reduces 
to 

ds"^ = GypdX^dX^^ (5.33) 

S {1 + u- u)^/^ g^uix) dx^dx'' + [l + u- ^6mn + dy'^dy'^ , 

where we have used the relations 

5-5“ /C[,,]-(y);C[,rff (y) = {l + u-v)5^^- , 

A = (l + u - u)-A4 , (5 ,34) 

The internal metric of (|5.33p is conformally equivalent to the hyperboloid dehned by 

the embedding of the surface 

zl + ■ ■ ■ + Zp — z^j^i — ■ ■ ■ — Zq = 1 , (5.35) 
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in M® . This is a Euclidean five-dimensional space with isometry group SO{p) x SO(6 —p), inho¬ 
mogeneous for p = 2,3, 4. Except for p = G, this metric differs from the homogeneous Lorentzian 
metric defined in ()3.9p with respect to which the Killing vectors and tensors parametrizing the 
reduction ansatz are defined. 

Using that = 1 + u — V, it follows from (I5.24p that the IIB dilaton and axion are 

constant 


m 


aP ^ gap ^ 


(5.36) 


while the internal two-form ()5.26l) vanishes due to the fact that (j5.32p does not break the SL(2) . 
Eventually, the four-form Ckimn is most conveniently evaluated from (15.281) as 


^ T ^ 

Cklmn ^ 

= {K{u,v) + {l + u-v)~^) , (5.37) 

which can also be confirmed from ()5.29p . In particular, its field strength is given by 

P-4+(p-3)(u-u) 

- 2 (1 - ^;) l /2 (1 + _ ^)2 ’ 

where we have used the differential equation (j2.1ip for the function K{u,v). Again, it is only 

O _ 

for p = 6, that the background four-form potential Ckimn coincides with the four-form Ckimn 
that parametrizes the twist matrix Um—- 

With this ansatz, the type IIB field equations reduce to the Einstein equations, which in 
this normalization take the form 


Rn 


= Tr, 
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O , 0,0 O 


_ Pi p /^kr/^ls/^pt/^qn 

— g klpq]^[n^ rstu] ^ ^ ^ ^ 


(5.39) 


and similar for . With (I5.33P and (I5.38P , the energy-momentum tensor takes a particularly 
simple form for p = 6 and p = 3: 


4: G mn P — 6 

{l+u- Gmn P = 3 


(5.40) 


Eor the x-dependent background metric g^y{x) the most symmetric ansatz assumes an Einstein 
space (dS, AdS, or Minkowski) 


R[9\pu = kg 


flU 


(5.41) 


upon which the IIB Ricci tensor associated with (I5.33P turns out to be blockwise proportional 
to the IIB metric for the same two cases p = 6 and p = 3 


Rr 


4: Gmn P — 6 

{1+U- Gmn P = 3 


Rpu 


kG 


pv 

(1 -I- u - (l -I- (2 - A;) (1 -I- tt - u)^) Gfj_u 
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p = 6 

p = 3 


(5.42) 





















Together it follows that (j5.33p . ()5.37p . ()5.4ip solve the IIB field equations for p = 3, A: = 2 and 
p = 6, k = —4, c.f. [20]. The resulting backgrounds are AdSs x and dSs x and the 
induced D = 5 theories correspond to the SO(6) and the SO(3,3) gaugings of |5|, respectively. 
For 3 =1= p =1= 6, the background geometry is not a solution to the IIB held equations. Let us 
stress, however, that also in these cases the reduction ansatz presented in the previous sections 
describes a consistent truncation of the IIB theory to an effectively D = 5 supergravity theory, 
but this theory does not have a simple ground state with all helds vanishing. 


5.5 Reconstructing 3-forni and 4-form 


We have in the previous sections derived the reduction formulas for all EFT scalars, vectors, 
and two-forms. Upon using the explicit dictionary into the IIB helds |24ll38j . this allows to 
reconstruct the major part of the original IIB helds. More precisely, among the components 
of the fundamental IIB helds only and with three and four external legs of the 

IIB four-form potential remain undetermined from the previous analysis. These in turn can 
be reconstructed from the IIB self-duality equations, which are induced by the EFT dynamics. 
We refer to |38j for the details of the general procedure, which we work out in the following 
with the generalized Scherk-Schwarz reduction ansatz. 

The starting point is the duality equation between EFT vectors and two-forms that follows 
from the Lagrangian 

^[k ^^^\pup\mn] 0 , (5.43) 

where is the non-abelian held strength associated with the vector helds and 'H\pup\ mn 
carries the held strength of the two-forms Taking into account the reduction ansatz 

(I5.10p . (I5.16p . it takes the explicit form 


'kipupmn h.m.n. — A\,i^d v An\ h.m.n. ^[inj h.m.n. — A\,i^ 


*^p] kmn kmn '^p] kmn kmn 


+ AJAp]^n]k}^ ) 


(5.44) 


in terms of the remaining vector helds and held strengths from (|5.20l) . Since (I5.43P is of the 
form of a vanishing curl, the equation can be integrated in the internal coordinates up to a curl 
S[m,Cn\ pup related to the corresponding component of the IIB four-form, explicitly 


^\rnCn\ pup 
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M mn,N 




■ar N 


:V2n 


pz/p mn 


(5.45) 


It is a useful consistency test of the present construction, that with the reduction ansatz de¬ 
scribed in the previous sections, the r.h.s. of this equation indeed takes the form of a curl in 
the internal variables. Let us verify this explicitly. Since the reduction ansatz is covariant, the 
hrst term reduces according to the form of its free indices [mn], c.f. (I5.14p 




(5.46) 


which indeed takes the form of a curl. We recall that the D = 5 held strength com¬ 
bines the 15 non-abelian held strengths and the 12 two-forms according to (|4.9p . 
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The reduction of the second term on the r.h.s. of (j5.45p is less obvious, since 'H^upmn is not 
a manifestly covariant object, and we have computed it explicitly by combining its dehning 
equation ()5.44p with the reduction of the vector helds (I5.8p and held strengths (I5.20p . With the 
identity (I3.57P among the Killing vectors and tensors, the second term on the r.h.s. of (15.451) 
then reduces according to 

'fi-pLvpmn — ^ abode f ^ ^^mn^pup T ^ ^[m '^p\n\kl^ ■ 

with the non-abelian SO(p, q) Chern-Simons form dehned as 

+ (5.48) 

in terms of the SO(p, 6 — p) Yang-Mills held strength Fpy°‘^. Again, ()5.47l) takes the form of a 
curl in the internal variables, such that equation (I5.45P can be explicitly integrated to 

Cm pup = - ^ m (2 V¥ e^.upar Mab,NF^^ ^ + ^ Eabcdef 

^ ^'^^[a.b]^^[cd]^[ef]mkl ■ (5.49) 

This yields the full reduction ansatz for the component Cm pup- Obviously, Cm pup is determined 
by (|5.45l) only up to a gradient dm^pup in the internal variables, which corresponds to a gauge 
transformation of the IIB four-form. Choosing the reduction ansatz (I5.49p . we have thus made 
a particular choice for this gauge freedom. 

In a similar way, the last missing component Cp^pa can be reconstructed by further manip¬ 
ulating the equations and comparing to the IIB self-duality equations [38]. Concretely, taking 
the external curl of (|5.45l) and using Bianchi identities and held equations on the r.h.s. yields a 
differential equation that can be integrated in the internal variable to 

- I esp^p^x (det G)"^ F^Cpgrs = 16 C,p^^ „ - 30 

+ 6 V2 F[pi,’^Ap’’ ikn + 4:8 nCfxi/pa 5 (5.50) 

up to an external gradient dnCp^pa which carries the last missing component of the IIB four- 
form. Here, denotes the Kaluza-Klein covariant derivative 

Dl^Cn = dpCn-Ap^dkCn-dnAp^Ck, etc. , (5.51) 

and FpCpqrs is a particular combination of scalar covariant derivatives |38|, which is most 
compactly dehned via particular components of the scalar currents as 

VpMmn,NM^^ = y^{detG)-^Gmne^P‘i^^'DpCpqrs, (5-52) 

where Fp refers to the full EFT derivative, covariant under generalized diffeomorphisms. Again, 
it is a useful consistency check of the construction that with the reduction ansatz developed so 
far, equation (j5.50p indeed turns into a total gradient, from which we may read off the function 
Cpupa ■ For the l.h.s. this is most conveniently seen by virtue of (|5.52p and the reduction ansatz 
(j2.ip for M-mn, giving rise to 

- 4e (det G)-i Gmk V^^Cpqrs = 3 xM 

= 6 ^ (y2}C^^^^mVac - dm{y’’ya)) D'^Mbd,NM^ 
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where we have used (|3.55p . The derivatives on the r.h.s. now refer to the SO(p, 6 — p) 
covariant derivatives (I4.13p . For the terms on the r.h.s. of (|5.50l) . we hnd with (15.81) . (15.121) . 
and ()3.48p 


- 30 EaiS = 15^2 Sa/3 JC^ab] n ) 

= -GV2F[p,‘^^Ap<^A^ffK[ab]%cd]Z[ef]nkl, (5-54) 

as well as 

= ^IC^‘^'^^rn{VMe^.up.rDx[Mab,NF^^^)+V2eabcdefD[pnlf^^^ 

+ AV2F[pi,^Ap’'A„] mki + ‘^V2 Aip’"AJJ^po-] mki 

+ V2A[p^Aj (2Ap'^dln\Aa-]klm + ^ Ap'^d^mAa-] kl]n) 

- 2V2^[p'=A|fcmn| (V^|;|^<x]") - y/2dm AJAp^A^^ kin) ,(5-55) 

where we have explicitly evaluated the Kaluza-Klein covariant derivative Dp on Cp^pm, the 
latter given by (I5.49p . Moreover, we have arranged the A^ terms such that they allow for 
a convenient evaluation of their reduction formulae. Namely, in the last two lines we have 
factored out the quadratic polynomials that correspond to the A"^ terms in the non-abelian 
field strengths (|5.2UI) and thus upon reduction factor in analogy to the field strengths, leaving 
us with the A‘^ terms 

AAJA — 

-V2e„ 

- - rlH 4 /I cd 4 e/ 4 gfc 

^ ^ ^ J ab,uv Jej,gn ^cdtjxy f^rn ^cr\ 

+ ^ fef,gP^ dm Ap^^ 

-V2dm{A[p^AjAp^A„^kin) , (5.56) 

upon using the identities p3.57p . (13.551) . While the last two terms are total gradients, the first 
term cancels against the corresponding contribution from the derivative of the Chern-Simons 
form in p5.55p 

^abcdef = ^ F[pu'"^Fpaf'^ Eabcdef ^ 2 ^ Fp^f^ fab,eP'" ^cdghuv 

- ^ A[p‘^^A,<^fApy’^A,f Uerfgh,iP^eabrsuv ■ (5-57) 

Similarly, the TAA terms in (15.551) combine with those of (I5.54p according to 
TAA ^ -2 V2 (/Cf,,] Z[e/] mkl + Z[ab] mki) (5.58) 

= 2 F^'‘^^mF[pv°‘^Ap‘^ A^i^^d Sabefgh — -^\f2 Ap^‘^ A^f^ Eabefch dmiy^yd) ■ 

Again, the hrst term cancels against the corresponding contribution from the derivative of the 
Chern-Simons form given in (I5.57h . 
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Collecting all the remaining terms, equation (|5.50p takes the final form 


+ ^ [eabcdef + 40e„/3 rjacVU 

+ ^ /e/,5h*' e^i.ay A,] 

- ^ ^ e^..par dm{y^yd) D^ Mab,N ^ ^2 Eabefch d^iy^yd) 

'\/2 dm (^-^[p •'^p -^(t] ”f ‘^dmCpi/pcy ■ (5.59) 

Now the first two lines of the expression precisely correspond to the vector field equations (I4.15P 
of the D = 5 theory, which confirms that on-shell this equation reduces to a total gradient in the 
internal variables. Although guaranteed by the consistency of the generalized Scherk-Schwarz 
ansatz and the general analysis of [38| , it is gratifying that this structure is confirmed by explicit 
calculation based on the D = 5 field equations and the non-trivial identities among the Killing 
vectors. We are thus in position to read off from (15.591) the final expression for the 4-form as 

c^upa = yay’’ {VW\ Ep^p^rD^MbcNM^^^ + 2 ^2 E.defgb A,] ) 

^ ^[cd] ^[ef] ^[gh]kln yhy^ Eabcegj Vd/j A^-] 

+ Apupaix) , (5.60) 

in terms of the D = 5 fields, up to an ^-independent term Ayupaix), left undetermined by 
equation p5.50p and fixed by the last component of the IIB self-duality equations (15.31) . This 
equation translates into 

- eep.pars’^^^^^ (det G)-y^Xkimnp , (5.61) 

where X^imnp is a combination of internal derivatives of the scalar fields, c.f. [38], that is most 
compactly given by 

Xkygrs = -^V2[detG)G^yiMmn,NM^^ , (5.62) 

in analogy to (I5.52p . It can be shown that equation (15.611) can be derived from the external 
curl of equations (I5.50p upon using the EFT field equations and Bianchi identities, up to a 
y-independent equation that defines the last missing function Apt,pa- For the general case this 
has been worked out in [38|. Alternatively, it can be confirmed by explicit calculation with the 
Scherk-Schwarz reduction ansatz, that equation (15.611) with the components Gp^pm and Gp^pa 
from p5.49p and p5.6np . respectively, decomposes into a y-dependent part, which vanishes due 
to the D = 5 scalar equations of motion, and a y-independent part, that defines the function 
Apupa- The calculation is similar (but more lengthy) than the previous steps, requires the same 
non-trivial identities among Killing vectors derived above, but also some non-trivial algebraic 
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identities among the components of the scalar Eg(g) matrix Mmn- We relegate the rather 
lengthy details to appendix O and simply report the hnal result from equation ()A.20I) 

D[^Kpar] = -^^\epuparDx{M^‘^^D^Mac,N) 

+ ^ ^Spupar ^ VlOe„^ r^ah M““Ar 

+ ^ V 2 Eabcdef Fp „'^+ — F[py°-^Ap'^Aa^^fA^f^£abcdehTlfh 

+ ^ V2 A[p^’^A,^<^Ap^fA^3hA^^ij _ (5_g3) 

Since there is no non-trivial Bianchi identity for (I5.63p . this equation can be integrated and 
yields the last missing term in the four-form potential (I5.60p . This completes the reduction 
formulae for the full set of fundamental IIB fields. 


6 Summary 

We have in this paper derived the explicit reduction formulae for the full set of IIB fields in the 
compactification on the sphere and the inhomogeneous hyperboloids HP’^~p. The fluctua¬ 
tions around the background geometry are described by a D = 5 maximal supergravity, with 
gauge group SO(p, 6 — p) . The dependence on the internal variables is explicitly expressed in 
terms of 1) a set of vectors JC^ab]^ which are Killing vectors of a homogeneous metric Gmn 
(j3.9p . and 2) a four-form Cp^p^j whose field-strength yields the Lorentzian volume form (I3.29p . 
Only for the compact case of , the metric Gmn and four-form Ckimn coincide with the space- 
time background geometry. In the non-compact case, they refer to a (virtual) homogeneous 
Lorentzian geometry which encodes the inhomogeneous space-time background geometry via 
the formulas provided. This is in accordance with the ansatz proposed and tested for some 
stationary points of the non-compact D = A gaugings in [22], see also [201121] for earlier work. 
Only for p = 6 and p = 3 does the background geometry provide a solution to the IIB field 
equations. We stress, that also in the remaining cases, the reduction ansatz describes a consis¬ 
tent truncation of the IIB theory to an effectively D = 5 supergravity theory, just this theory 
does not have a simple ground state with all helds vanishing. Still, any stationary point or 
holographic RG flow of these non-compact gaugings as well as any other solution to their field 
equations lifts to a IIB solution by virtue of the explicit reduction formulas. 

The explicit reduction formulas are derived via the EFT formulation of the IIB theory 
by evaluating the formulas of the generalized Scherk-Schwarz reduction ansatz for the twist 
matrices obtained in m- The Scherk-Schwarz origin also proves consistency of the truncation 
in the sense that all solutions of the respective D = 5 maximal supergravities lift to solutions 
of the type IIB fields equations. By virtue of the explicit embedding of the IIB theory into 
EFT [241138] these formulas can be pulled back to read off the reduction formulas for the 
original type IIB fields. Upon some further computational effort we have also derived the 
explicit expressions for all the components of the IIB four-form. Along the way, we explicitly 
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verified the IIB self-duality equations. Although their consistency is guaranteed by the general 
construction, we have seen that their validation by virtue of non-trivial Killing vector identities 
still represents a rewarding exercise. 

We have in this paper restricted the construction to the bosonic sector of type IIB supergrav¬ 
ity. In the EFT framework, consistency of the reduction of the fermionic sector follows along the 
same lines from the supersymmetric extension of the Eg(g) exceptional field theory |49j which 
upon generalized Scherk-Schwarz reduction yields the fermionic sector of the D = 5 gauged 
supergravities [19]. In particular, compared to the bosonic reduction ansatz (|2.ip . the EFT 
fermions reduce as scalar densities, i.e. their y-dependence is carried by some power of the scale 
factor, such as y) = p~^iy) etc.. A derivation of the explicit reduction formulas 

for the original IIB fermions would require the dictionary of the fermionic sector of EFT into 
the IIB theory, presumably along the lines of m- The very existence of a consistent reduction 
of the fermionic sector can also be inferred on general grounds |2| combining the bosonic results 
with the supersymmetry of the IIB theory. 

We close by recollecting the full set of IIB reduction formulas derived in this paper. The 
IIB metric is given by 

y) g^i/(x) 

+ Gmn{x,y) (dy'^ + K:[ay(^{y)Af{x)dx^^^ (dy'^ + /C[cd]’"(y)A^'^(x)dx'') , (6.1) 

in standard Kaluza-Klein form, in terms of vectors from (13.38]) that are Killing for the 

(Lorentzian) metric Grnn from (13.9|) . and the internal block Gmn of the metric (16.11) given by 
the inverse of 


G--(x,y) = A2/3(x,y)A[,,]™(y)A[,,f(y)M“'’'=''(x). (6.2) 

The IIB dilaton and axion combine into the symmetric SL(2) matrix 

m“^(x,y) = A"/3(x,y)Ta(y)3^6(y)M““’'/'(x), (6.3) 

in terms of the harmonics Ta from (I3.45p . Since detm"^ = 1, this equation can also be used as 
a defining equation for the function A(x, y). The different components of the two-form doublet 
are given by 

Gmn°'{x,y) = -^e“^A^/3(x,y)m/3^(x,y)Tc(y)^^“'’^mn(y)Mafe‘''^(x) , 

Gi,m°'ix,y) = 0 , 

Gf,u"{x,y) = VT0Ta(y)B^.““(x) . (6.4) 

Next, we give the uplift formulas for the four-form components in terms of the Killing vectors 
/C[a6]™(y), Killing tensors K.[ab]mniy)j the sphere harmonics Ta(y) given in (I3.45p . the function 
2^ab]kmn{y) given by (|3.21l) . and the four-form Gkimniy) from (I3.49p . In order not to clutter 
the formulas, in the following we do not display the dependence on the arguments x and y as it 
is always clear from the definition of the various objects whether they depend on the external 
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or internal coordinates or both. The final result reads 

1 


Cki ran 
Cfikmn 


c, 


c, 


Cklmn + ^ OJklmnp dg 

— 7 d 

^ ^[ab] kmn ; 


V2 


{lu ran 


1^ k 'zr A ab A cd 

^[ab] '^[cd] kmn ^[/i 5 


Cmfiup 22 ^[ab] m a/IsI ^pupar ^ab^NF + 

^ yay'^ (V¥ e^,p^rD^Mbc,NM^^^ + 2V2ecdefgb 


pupa 


16 
1 

^ 4 

“t" ^pupa{^) • 


2 /C[a6]^/C[cd]^/C[e/]”^[g/i] fcin - eabcegj Vdfj A^,^Ap^'^A^f’^ 

(6.5) 


We recall, that the curved indices on these objects are raised and lowered with the x-independent 
metric Gmn{y) from (13.9p and not with the background metric Gmn- The function Apupaix) 
is defined by equation ()5.63l) . All p-form components are given in the basis after standard 
Kaluza-Klein decomposition, explicitly related to the original IIB helds by (15.61) . 

With the reduction ansatz (|6.1l) - (l6.5p . the type IIB field equations reduce to the D = 5 
field equations derived from the Lagrangian (14.111) . As a consequence, these formulas lift every 
solution of H = 5, SO(p, q) gauged supergravity to a solution of IIB supergravity. 
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Appendix 
A Finding 

In order to find the last missing contribution Apupa in the expression ()5.60l) for the four-form 
component Gp^pa let us study the reduction of the different terms of equation (|5.61l) 

eSp^p^rS^^^^P (det G)-y^Xklmnp = 30 80,0 Bor] ^ + 8 F[pAGpor] k 

-AD^G^por]. (A.l) 

By construction, after imposing the generalized Scherk-Schwarz ansatz this equation should 
split into a y-dependent part proportional to the D = 5 scalar field equations (I4.16|) . and a 
y-independent part which determines the function Apupa- 
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The first term on the r.h.s. simply reduces according to the reduction ansatz (|5.12p 


. (A.2) 

Note that the Kaluza-Klein covariant derivative turns into the SO(p, 6 —p) covariant derivative 
by virtue of (|3.46p . With p5.49p and the identity p3.56p . we find for the second term on the 
r.h.s. of (jA.ll) 

8 k = -\ yby^ (2 VN ^ + ^ Sacefgh) 

+ 2 V 2 IC[ab]'^F^[cd]^F^[ef] 2^[gh] mkl ■ (A.3) 

Next, we have to work out the covariant curl of Cpypa with the explicit expression (15.601) . To this 
end, we first note that for all terms with y-dependence proportional to the Kaluza-Klein 

covariant derivative reduces to 

Dl^{y^y^Xab) = y^y^DpXab, (a.4) 

in view of the property (I3.46p of the harmonics • We thus find 

- 4 C,p„r] = ^ yay^ v¥ ep^p^rDx [m^ “ - 4 D[pKp,r] 

+ ^ V2Tfer Eacdefg D[p + ^2 

- V2Z)™ . (A.5) 

In order to evaluate the last term it is important to note that unlike in (jAA]), the Kaluza- 
Klein covariant derivative here cannot just be pulled through the (non-covariant) y-dependent 
functions but has to be evaluated explicitly leading to 

^ (X^-Ap'A"A.r] fcin) = “ 2 ^ Ap’^'^A„^^]C[a.b] kin 

+ 2 F[cd]^lC[ef^'‘lC[gh\^ kin 

after some manipulation of the functions lC[ab\-, ^[ab\- Putting everything together and again 
using once more the identity (13.571) . the full r.h.s. of equation (lA.ll) is given by 

mir.Ks = ^yay^V\s\epuparDx[M^^'^D^Mi,,^N')-iD^pA,pnn] 

+ \V2yay^ehcdefgD[p [P^p'^An^f A^f^^ + ^ A,^ Ap^^ AJ ^ A^f^ 

+ ^ e^^ghceyayb + 30 

+ ^ V2 e^sunge 3^a3^fe %r A,] 

o 

- ^ (2 v1¥ epnrpx Mac^NF^^ ^ + ^2 Sacefgh) • (A.6) 
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Some calculation and use of the Schouten identity shows that all terms carrying explicit gauge 
fields add up precisely such that their y-dependence drops out due to = 1 • Specihcally, 

we find 


dMr.h. 

(IE])r.h.s 


FFA 


(ra),.h. 


FAAA 


AAAAA 


In addition, we use the D = 
(lA.ll) and arrive at 


= Eabcdehllfh , 

= Sabcegi %/%, • (A.7) 

5 duality equation (I4.10I) in order to rewrite the BDB term of 


(lS3I),h.s = - ^ yay” ^ Sp^p^rDx [m^ D^MbcN) " 4 A,,,,] 

+ ^yay^V\s\ ^ ^ VIO “aT B^x^ 

+ g Eabcdef F[pi,‘^’^A^f^ + - EabcdehVfh 

+ ^V2 A^p'^^A,‘^^Ap^fA^<^^A^f sabcea^ VdfVhj ■ (A.8) 

Structurewise, the r.h.s. of equation (jA.ip is thus of the form 


(lAAJr.h.s = (^ya{y)yb{y) - ^Vab'^ £lab{x) + £2{x) . (A.9) 

Consistency of the reduction ansatz then implies that also the l.h.s. of (jA.ip organizes into the 
same structure. The coefficients multiplying the y-dependent factor (Ta(2/)T’b(y) — \ Vab) must 
combine into a D = 5 field equation in order to reduce (lA.ll) to an y-independent equation 
which then provides the defining equation for Apypa¬ 
in order to see this explicitly, we recall, that the l.h.s. of (lA.ip is defined by (I5.62p . which 
together with the reduction ansatz (12.ip for M.mn may be used to read off the form of this 
term after reduction. After some manipulation of the Killing vectors and tensors and use of 
the identities collected in section 13.31 we obtain 

-l^MyaybycdM--^^<^. (A.io) 

in terms of the SL(6) twist matrix (j2.8K . and the combination 


^{ab)cd,e^ ^ XG^)[cdle^ ^ 2MF^3{a^b)h,cdMgpjf-MfJ^a^b)h,cdMgp<^^ ^ (A.ll) 


of matrix components of (I4.12p . At first view, the structure of this expression in no way 
ressembles the form of (|A.9D . with a far more complicated y-dependence in its first term. This 
seemingly jeopardizes the consistency of the reduction of equation (jA.ip . which after all should 
be guaranteed by consistency of the ansatz. What comes to the rescue is some additional 
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properties of the twist matrix together with some highly non-trivial non-linear identities among 
the components of an Eg(g) matrix. Namely the last factor in the first term of (lA.lOl) drastically 
reduces upon certain index projections 


= -V277a6, 

= 0 , (A.12) 


as may be verified by explicit computation. Moreover, the tensor ^ defined in (lA.llD is 

of quite restricted nature and satisfies 


^(afo) cd,e 


/ 


^(afo) [cc/,e] 


/ 


9 

- ;Y{a-b)d\g,e 

3 


o 

— v{0'b)d]e,g 

45 ^ " 


- ;yi‘^b)cd,g 


(A.13) 


implying in particular that 


^{ab)e[c,d\ 


^ ^{ab)cd,e 

6 


e • 


(A.14) 


The identity (|A.13p is far from obvious and hinges on the group properties of the matrix (I4.12p . 
It can be verihed by choosing an explicit parametrization of this matrix (e.g. as given in [38]), 
at least with the help of some computer algebra |50H52] . Combining this identity with the 
properties (1A.12P of the twist matrix, we conclude that the first term on the r.h.s. of (jA.lOll 
simplifies according to 


= (A.15) 

such that its y-dependence reduces to the harmonics TaTb- 

As a consequence, together with (IA.12p . we conclude that the penultimate term in (lA.lOl) 
reduces to 


Together with (IA.8D . equation (lA.ll) then eventually reduces to 


D[^Kpar] = -^yay’’VW\eguparDx[M^'^^D^Mh,,N) 

+ ^ ^ i^MhcNF^x'^'^ 

+ -^V\i epupar TaT' (lO 

+ ^ V2 Eabcdef ^abcdehVfh 

+ ^ a/2 A[p'^^Ay'^Ap^^Arj^’^Eabcegi rjdfllhj , (A.17) 

such that the y-dependence of the entire equation organizes into the form pA.9p . Now the 
x-dependent coefficient of the traceless combination (TaTb — | Vab) precisely reproduces the 
D = 5 scalar equations of motion p4.16p . In particular, the third line of pA.lTp coincides with 
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the SL(6) variation of the scalar potential (j4.14l) . This match requires additional non-trivial 
relations among the components of an Eg(g) matrix (I4.12p 


, (A.18) 

which can be proven similar to (lA.lSp . Prom these it is straightforward to deduce that 

+ \ ^ , (A.19) 

thus matching the expression obtained from variation of the scalar potential in (I4.16p . As a 
consequence, the y-dependent part of equation pA.17p vanishes on-shell, such that the equation 
reduces to 

D[gKpar] = 

+ (^Mab,NF^x'^’’ -^VTOScfi Vab 

+ -^V\iepup.r (lO 

+ ^ a/2 Sabcdef ^abcdehVfh 

+ ^ a/2 Sabcegi Idfrihj ■ (A.20) 

This equation can be integrated to yield the function A^^pp. This yields the last missing part 
in the reduction ansatz of the IIB four form pS.OOp and establishes the full type IIB self-duality 
equation. 
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